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We define the angular momentum at null infinity in higher dimensions. The asymptotic symmetry 
at null infinity becomes the Poincare group in higher dimensions. This fact implies that the angular 
momentum can be defined without any ambiguities such as supertranslation in four dimensions. 
Indeed we can show that the angular momentum in our definition is transformed covariantly with 
respect to the Poincare group. 
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"(N" 

^h i. introduction 

^^ , Motivated by the string theory and the scenario with large extra dimensions such as the TeV scale gravity [l|, Q , 

the gravitational theory in higher dimensions has been investigated [3|. Then it has been realized that the higher 
dimensional gravity has much different features from that in four dimensions. As one of such differences, there is 
an issue of the asymptotic structure of the spacetime |4|-[l0| . The asymptotically flat spacetime has two asymptotic 
fvj \ infinities: spatial infinity and null infinity. At spatial infinity we can define the global conserved quantities of spacetime 
such as the mass and angular momentum. In addition the multipole moments of spacetime is also defined at spatial 
infinity [III, [l3- These multipole moments can be used to classify the black hole solutions. At null infinity, the 
asymptotic structure describes dynamical properties of the spacetime because gravitational waves can reach at null 
infinity. Then the study of the asymptotic structure at null infinity is indispensable when one considers the dynamical 
phenomena such as the perturbation for black holes and the formation of higher dimensional black holes in particle 
accelerators. As a fundamental aspect of the general relativity, the notion of the asymptotic flatness at null infinity 
\ is also necessary for the rigorous definition of black hole [lj| . 
~^ ■ The asymptotic structure at null infinity in higher dimensions has been investigated using the conformal method 

J^ I in Refs 15|-|7[. In the conformal method, spacetime is conformally embedded into the compact region of the another 
spacetime and the null infinity is defined as the boundary of the spacetime. The asymptotic structure at null infinity 
^^ ' can be investigated using the introduced conformal factor $7 ^ l/r as a coordinate. Therein the null infinity is defined 
C^ , on rj = 0. However, there is one problem in this treatment. The gravitational waves behave near null infinity with a 
-_^ ' half integer power of Vi in odd dimensions. At first glance, this shows the non-smoothness of the gravitational fields at 
f— ^ ' null infinity in odd dimensions. Because of this non-smooth behavior of the gravitational fields, using the conformal 
^v^ ■ method, we cannot define the asymptotic flatness at null infinity in odd dimensions. 

In the Bondi coordinate method Refs. jSl-KLOl vA Il5| . on the other hand, we can define the asymptotic flatness 
at null inflnity in arbitrary higher dimensions and safely investigate the asymptotic structure at null inflnity. In the 
analysis of the asymptotic structure, it was found that the Bondi mass always decreases due to the gravitational waves 
and the asymptotic symmetry at null infinity is the Poincare group. 

It is reminded that the asymptotic symmetry is not the Poincare group in four dimensions. The asymptotic 
symmetry in four dimensions is the semi-direct group of the Lorentz group and supertranslation. The supertranslation 
has the functional degree of freedom and then it is the infinite dimensional group. This means that there are infinite 
directions of the translation which causes the ambiguities in the definition of the angular momentum. Although there 
were many efforts to define the angular momentum [16l420l |. there is no sharp definition without any ambiguities in 
four dimensions. 

In higher dimensions it was shown that the asymptotic symmetry at null infinity is the Poincare group [8|, llCf . 
The n-dimensional Poincare group has the n directions of the translation. In this paper, we define the angular 
momentum at null infinity in higher dimensions and shows that it has no ambiguities. In fact the angular momentum 
is transformed covariantly with respect to the Poincare group. Note that the study of the angular momentum at null 
infinity was performed in five dimensions [9[. In this paper, we generalize this analysis to arbitrary higher dimensions 
following our previous work of Ref. [101 ■ 

The organization of this paper is as follows. In the next section, we review our previous work on null infinity [lO|. 
Therein, using the Bondi coordinates, we introduce the definition of null infinity in arbitrary dimensions. We also 
discussed the asymptotic symmetry at the null infinities briefiy. In Sec. Ill, wc define the Bondi angular momentum 
together with the Bondi mass/momentum and show its radiation formulae using the Einstein equations. In Sec. IV, it 
will be shown that the angular momentum defined here is transformed covariantly under the transformation generated 
by the asymptotic symmetry. Finally we give the summary and outlook in Sec. V. 
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II. REVIEW OF OUR PREVIOUS WORK 

111 this section we review our previous work [lO[. First we introduce the Boiidi coordinates adopted here and write 
down some components of the Einstein equation exphcitly. Solving them we specify the boundary condition which 
gives us the definition of the null infinity. Then we discuss the asymptotic symmetries at the null infinity. 

A. Bondi coordinates and Einstein equations 



We introduce the Bondi coordinates in n dimensions. First we assume the function u which satisfies VaitV^w = 
where V^ denotes the covariant derivative with respect to n-dimcnsional metric gab- u is used as the time coordinate. 
Next the angular coordinate x^ is defined as \7'^u\i'aX^ 



r.n-2 



9 



ul 



0. We define the radial coordinate r as -^/det gij 



uj„-2 where uJn-2 is the volume element of the unit (n — 2)-dimcnsional sphere S*" . Then the metric in the 



Bondi coordinates a;° = {u,r,x^) can be written as 

ds^ = gabdx°'dx 

= -Ae^du^ - 2e^dudr + jij{dx^ + C'du){dx-' + &du). 



(1) 



In this coordinate system, the null infinity is defined at r = oo and its topology is R x 5" ^. For the convenience of 
our discussion, we define hjj as 7/j = r^hjj with the following gauge condition 



Vdct h 



1.1 



W„-2- 



(2) 



We provide the Einstein equations in the Bondi coordinates. The vacuum Einstein equations can be decomposed 
into the constraint equation without the u derivative terms and evolution equations with the u derivative terms. 

The constraint equations are Rrr = 0,Rai'^^'' = and Rij^^'^ = 0. Rab is the Ricci tensor with respect to gab- 
Using the formulae in Appendix A and Sec. II in Ref. [10[, we can write the equation Rrr = as 



B' = 



where the prime denotes the r derivative. The equation Rrj^^'' 



yields 



1 



pn— 2 



,,/'V _ _{h)^ 



'hijC-'y = -^''>\7jB' 



-(''^V/B + C'^V-'/i^,, 



(3) 



(4) 



where '■''^V/ is the covariant derivative with respect to hjj. 
From Rijj^'^ = 0, we obtain 



(n-2) 



{r"-^Ay 



_(,)^^^,,_2(n-2)(,)^^^. 



^2g-B 



hijC'c'' 



^h^^'^^^jB^^^^jB - 4*"^V7(/i^'^(")Vji?) + ^("^i?, 



(5) 



where '''^i? is the Ricci scalar of hjj. Once hjj is given on a surface u = uq, we can obtain the metric functions A, B 
and C^ by solving the constraint equations (|3]), (HI) and ([5]) on the surface. 
The evolution equation is contained in Rabli""!.]^ = as 



r^hjj + 



Ae-B 



-rhij - -rrhiKhji^h'^^ - '—hjuhj^h^^ 



r 
'2 
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r^h^j + {n- 2)rhjj + 2{n - 'i)hij-r^h 



2,KL 



^IK^JL 



KL, 



A'e-^ 



r^hjj + 2rhu 



2r'Cchij + (n - 2)rCchij + r^Cc'hi., - r'hj^h'^'^ CchiK 



'hj^h'^'^CchjK + (''^^^^(r^/i;, + 2rhij) 
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'hiKhjLC'C^' - ^'^^Vi^'^^VjB - -^'^^VjB^'^^VjB + Wi? 



ij 



0, 



(6) 



where ^^^Rjj is the Ricci tensor with respect to hjj and the dot denotes the u derivative. The evolution of hjj in 
the Bondi coordinates is determined by Eq. ([5]). 



B. Asymptotic flatness at null infinity 

The asymptotic flatness at null infinity is defined by the boundary condition at null infinity in the Bondi coordinates 
([T|). In n dimensions, the boundary conditions for the asymptotic flatness at null infinity are 

hjj=u:jj + 0(^-^;^y (7) 

where w/j is the unit round metric on 5"~^. The boundary conditions for the other metric functions are determined 
by the constraint equations of Eqs. ([3]), (J4]) and ([5]) as ^ 

^ = i + o(;:;r^), ^ = o(^), c^ = o(^). (8) 

Let us see the above solving the constraint equations explicitly. We will use some equations for later discussions. 
First, we expand hjj near null infinity as 

fe=0 

where the summation is taken over fc € Z in even dimensions and 2k ^Ti in odd dimensions. The indices I,J,... are 
raised and lowered by w/j. From the gauge condition of Eq. ([2|), we find that h\ j Ms traceless Lo^'-^hfj -^ = for 
k < n/2 — 1 and; for k = n/2 — 1, 

^ijf,inm ^ lh^^)"h\']. (10) 



Solving the constraint equation ([3]), we have 



where 



From Eq. ^, C^ is obtained as 



where, for k < n/2 — 1, 



B = ^^+0[—^], (11) 



5(^) . -lc.-c.-4^>(^^. (12) 



k<n/2-l „(fe+i)j J / 1 \ 

C = y ^^^^TT + ^ + O^—], (13) 



" {n + 2k){n-2k-2) ' ^ ' 



and V/ is the covariant derivative with respect to lojj. j^ is the integration function in the r integration of Eq. Q. 
As seen later, we can see that j^ represents the angular momentum of the spacetime at null infinity. 
Integrating Eq. ([5]) we find 

^ = 1+ E ^iI,Tk^-^ + Oir-i--^/^^ (15) 

fc=0 



^ The condition for B will be relaxed to _B = 0{r "/^) for non-vacuum cases [2111 . In our present paper, we will focus on the 
cases. It is easy to extend our result to non-vacuum cases. 



where, for k < n/2 — 2, 



^(fc+i 



2(n + 2/fc-4) 



^/^-f+i) 



(n-2/fc-4)(n + 2fc-2) 

4(n + 2/fc - 4) 
(n + 2k){n -2k- 2)(n - 2A; - 4) 



V^V^^'T^'^ 



(16) 



m is the integration function and reflects the energy- momentum of the spacetime at null infinity. For k = n/2 — 2, 
the left-hand sides of Eqs. ^ and ([5]) vanish. Then the right-hand sides of Eqs. ^ and ([5]) provide the following 
constraint equations 



y^^(n/2-l)7 ^ g^ 



v^v^^y^-^) 



0. 



(17) 
(18) 



In addition, for k = n/2 — 1, we have 



V^4y') = 2V7B(i)+VjQ/iWMi)^^^ + iL./^/iW;^(i)KLy 



(19) 



We can solve the evolution equation of Eq. ^ as 



(fc + l)/i[j+^^ = --{n-2k- 4) AC^+i^cj/j + - 71^ - 6n - {Ak^ + 4fc - 16) hf+^^ 



I, ., .. ,a.^,^ 1 

2 

i(-V^4r^+2V(,V-/.('^y))-i 



- ( -V^h\T' + 2V(,V«/.:;-/M - -(n - 2fc - 4)V(,C,) 



(fe+l) ^KMk+l) 

— V O^^ LOIJ 



(20) 



for fc < n/2 — 1. The solutions for the higher order of k > n/2 — 1 are not important in the following analysis. For 
the convenience of later discussions, we derive the evolution equations for A^''^^^ and C^''^^^-^ . Contracting V"^ with 
Eq. (PO)) . we obtain the evolution equation for C'*^'^+^-'^ as 



(fc-H)(n + 2fc + 2) -(fc+a) 
2(n + 2fc) ^ 



2(n + 2fc-4)^^^ 4^^^ 



1 
16 



n^ - 6n - (4fc2 + 4fc - 12) 



C) 



(fc+i) 



(21) 



Contracting V^ with Eq. ([2T|) and using the solutions of the constraint equations p4)) and ([16]), we have the evolution 
equation for A'^'^'*'^^ as 



^{k+2) ^ n + 2k-2 2.(fc+i) , (" + 2fc-2)'(n-2fc-4) (^^,^ 

2(fc+l)(n + 2fc + 2) 8(A: + l)(n + 2fc-f 2) 



(22) 



C. Asymptotic symmetry 

The asymptotic symmetry is the global symmetry at null infinity generated by the coordinate transformations 
preserving the gauge and boundary conditions in the Bondi coordinates ([T]). The variation of the metric 5 gab due to 
the coordinate transformation generated by ^° is given by 



5 gab = Va6 + Vb^Q, 



(23) 



where V^ is the covariant derivative with respect to gab- From Eqs. ([T]) and ^, the gauge conditions to be satisfied 
are 



Sgrr = , 5gri = , g ■ Sgu = 



(24) 



^ We found a minor error in Eq. (32) of Ref. |10l |. corresponding to Eq. I|19| l in the current paper. But it does not affect the results/all 
equations presented there except for Eq. (32). 



From Eqs. ([7]) and ([8|), the boundary conditions to be preserved by the coordinate transformations are 

59uu = 0(r-("/^-i)), 5gui = 0(r-("/2-2)) ^ ^^^^ ^ 0(r"/2-3). (25) 

To satisfy Eq. ^(IM , the generator of the asymptotic symmetry ^ becomes 

C = f{u,x'), (26) 

e = f'iu, x') + I dr'—h''Vjf, (27) 

r = ^ (C^V// + V/eO • (28) 

n — 2 

f{u,x^) and f^{u,x^) are the integration functions in the r integration of the equation (Jg^r = and Sg,-! = 0. The 
asymptotic symmetry is the group generated by / and /^. 

The boundary conditions (|25|) give the equations which / and /^ should satisfy as 

duf = 0, (29) 

V//j + Vj/z = ^XiL^^,,, v,/^ = (n - 2)|^, (30) 

n — 2 ou 

V/Vj/ = ;^^iJ- (31) 

Note that Eq. (|3ip is required only in n > 4 dimensions. In the following, for the moment, we discuss the asymptotic 
symmetry in n > 4 dimensions. We will comment on the four dimensional case later. 

From Eq. ([29|) . we find f^ = f^{x^). f^ is the vector on 5""^ and Eq. (pO| implies that /^ generates the conformal 
isometry on 5"^^. The conformal group of S""^^ is S0(1, n — 1), which is the Lorentz group. Thus /^ is the generator 
of the Lorentz group. 

Integrating the trace part of Eq. pO|). we obtain 

f^^u + a{x'), (32) 

n — 2 

where F = V//^ and a{x^) is the integration function on S'"~^. Note that the transverse part yC"^^)^ of f^ which 
satisfies V//^'"''^'''^ = is nothing but the Killing vector on S*""^, that is, the generator of SO(n — 1). This Killing 
vector plays an important role in defining the angular-momentum later. 
Now Eq. ([3T|) gives the equation which a should satisfy as 

V/V/a = -cjj/V^a. (33) 

n — 2 

The general solutions of this equation are the / — and I = 1 modes of the scalar harmonics on S*""^. Note that the 
I = 1 modes satisfy V/Vja = —oaoij too. From Eq. ([3T|) . we find that F{x^) should satisfy V'^F + (n — 2)F = 0. 
The solutions of this equation are the I = 1 modes of the scalar harmonics on S"""^. These results mean that the 
functions a{x^) and F{x^) are the generators of the translation and Lorentz boost respectively, and / represents the 
semi-direct property of the Lorentz group and translation. Then it turns out that the asymptotic symmetry is the 
semi-direct group of the Lorentz group and translation, which is the Poincare group, in n > 4 dimensions. 

In four dimensions, Eqs. (j29p and pO[) are required while Eq. (j3ip is not. Therefore /^ generates the Lorentz group 
and / can be written as Eq. (|32p in n = 4 dimensions. However, there are no constraints on a in four dimensions 
because of the absence of Eq. (|3ip . Thus, a{x^) is the arbitrary function on S*^ and generates so called supertranslation, 
not translation. The asymptotic symmetry in four dimensions is the semi-direct group of the Lorentz group and the 
supertranslation. This supertranslation leads the ambiguity to the definition of the angular momentum at null infinity 
in four dimensions. 

III. BONDI ANGULAR MOMENTUM AND RADIATION FORMULA 

In this section, we will define the Bondi angular momentum. In the pedagogical aspect, we describe the definition 
of the Bondi mass too given in our previous work [lO| . 



A. Bondi mass and angular momentum 

We define the Bondi mass and angular momentum. In the Bondi coordinates, Quu and gui can be expanded near 
null infinity as 



fc=0 



^^ = ^1- E ;55TI^ + ^^^iS^ + 0(.-("-/^)) (34) 

and 



k<n/2-i (fc+1) o- c, ^/^ I ;,(i)r(i)"' 
^-- E ^^k^ + ''^' It." +Oir-i^-^^^^ (35) 



fc=0 



The functions m and j/ are the integration functions and they are free functions on the initial surface u = uq. 
The Bondi mass -A/eondi and momentum -Pgo^jj; are defined by [lO[ 

n — 2 f 
MBondi(w) = -rz — / mdn, 






16tt 



'. — 2 



where x*^'^ is the scalar function on 5*"^^ satisfying V/Vji*^*-* +w/ja;^*' = 0. These functions are the I = 1 modes of 
the scalar harmonic on 5"~^, which are defined by i^'-* = cc^'^/p in the Cartesian coordinates {a;'^'^} of the {n — 1)- 
dimensional Euclidean flat space. Here 5""^ is embedded into the {n — l)-dimensional Euclidean flat space as 
p^ = X]"=i (•'^'■'■')^- The indices i represent the directions of the translation. Note that A('^+^^ for k < n/2 — 2 does 
not contribute to the global quantities at null infinities because A^'''^^^ and x^''A('''+^) are written as the form of total 
derivative [see Eq. p^ ]. For the details, see Eq. (80) and Appendix B in Ref. |ig |. 

The Bondi energy-momentum vector -Pgon^j; = (Afeondi? -pBondi) i^ defined as the n-dimensional vector at null infinity. 
In the definition of Pq^^^^, we introduce the n-dimcnsional vector by x'^ = (l,a;^*^). This vector can be naturally 
identified to the bases in the n-dimensional Minkowski spacetime as mentioned in the next section. Thus the Bondi 
energy-momentum vector P^^^^^ can be also regarded as a vector in the Minkowski spacetime. In the following, the 
Greek indices represent the index in Minkowski spacetime. 

The Bondi angular momentum Jf^?"'^' is defined by 

where (pi > is the Killing vector of the round metric w/j on 5""^. p labels the Killing vectors and 1 < p < {n — 
l)(n — 2)/2. Note that the Bondi angular momentum in five dimensions were defined for the Killing vectors which 
commute mutually in Ref. [3]. In this paper, we generalized this to define the Bondi angular momentum in arbitrary 
dimensions for all Killing vectors. The L^^^Y^J independent angular momenta are, of course, given by the mutually 
commuting Killing vectors. 

Here we show that the first term in Eq. (j35p docs not contribute to the Bondi angular momentum. This is because 
for k < n/2 — 1 can be written as the total derivative as 






<A 



(fe+i) _ 2(n + 2fc-2) J J ik+i) 

in + 2k){n-2k-2f^P^^ '■' 

_^(r^ + 2k-2^ (.[,)e^0 ' (38) 



(n + 2k){n - 2k - 2) 



where we used Eq. p4)) and the Killing equation V i(p{p)j + V j(p{p)i — 0. The term of h\jC^^'>'^ in Eq. (|35|) is nothing, 
but it just comes from the lowering of the index of the metric. Therefore, we will not think that it contributes to the 
angular momentum. This will be also confirmed later when one considers the transformation property generated by 
asymptotic symmetry at null inflnity (Sec. lIVj) . 



B. Radiation formula 



The functions m and j/ are free functions on the initial surface u ^ uq. The evolutions of these quantities are 
determined from the Einstein equations. The Einstein equation FU"^ ~ (see Eq. (16) in Ref. jlO[) can be expanded 
near null infinity as 



^rr ^ 



k<n/2-2 ,f,rr\{k+l) (hrr\(n/2-l) 



E 

fc=0 



[RJ-"-) 



{Wf 



i/2+k-l 



r^n — 3 



o 



1-5/2 



(39) 



The equations [Pc^)(^+^) = for fc < n/2 — 2 provide us Eq. ((22|) again and has no new informations. This feature 
is guaranteed by the Bianchi identity. The equation (/^'"'')("/2-i) — q describes the evolution of the function m as 



2(71-2) " 71-2 ^ n-2 



(40) 



Integrating this equation on the unit (71 — 2)-diniensional sphere, we obtain the Bondi mass-loss law 

-^ I h\']h^'^"dn < 0. (41) 

6ZTT Js^-'i 



du 



The above implies that the Bondi mass always decreases by radiating the gravitational waves in any dimensions. In 
other words, the gravitational waves carry the positive energy flux to null infinity in any dimensions. 

The Einstein equations BT^ = contain the evolution equations of jj. ET^ can be expanded near null infinity as 
(see Eq. (19) in Ref. [3) 



fc<n/2-l lf)rl\(k+l) ,„ fnrI\(n/2) 

^(p)in = 2^ -777TT—. h —^ h O 

k=0 



1/2+k-l 



Y.n — 2 



1-3/2 



(42) 



The equations ifn^p^i{W^)^^^^^ == for fc < n/2 — 1 provide us Eq. (|2T1) again. It is also guaranteed by the Bianchi 
identity. The equation 99(^)7 (_R''^)("/^) — presents the evolution equation of j/ as 



{ri - ^W{j,)3i = v[j 



p) 



a„(/4>,,/i(i)'^^) + ;i(i)^^v,/7W + Vk/i^D'^^AW + h(')J^Vjh[p^ 



Mp) 



Vim-VjB^'^+V'h['fh{n - 3)V'h\"/^-^^ + 2<^[ . V^V(,C; 



'J) 



^(P) 
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2hPWKh^'^-"' - V^/7(i)^^/iW + ^/i(i)./i^v,/iW 



K)dMjlh('^''') + ^[p)(-"i + bW) _ ^(,)>("/2)/^ 



J Y7//-^("/2-l) /-^("/2-1)y7/,„./ 






V^ 



^(P) 



(43) 



where we used the Killing equation, \7iip^p)j + "^ ,j^P(p)i = 0. 

Then, we can obtain the radiation formula of the Bondi angular momentum J?'?"'^' as 



" xBondi _ \_ 

du (P) IQnGJsr, 



^(P) 



2/iWVk/i(i)^^ - ^Kh^A^'^-^'' + l/i(i)^^V,/i(/, 



JK 



dfi. 



(44) 



This equation shows that the Bondi angular momentum is changed when the spacetime has time and angular depen- 
dences. The radiation formula (|33]) is natural in this sense. 



IV. POINCARE COVARIANCE 

In this section we consider the transformation of our Bondi mass -A/eondi and angular momentum J(^?""^' generated 
by the asymptotic symmetry. The vahdity of our definitions of the Bondi mass and angular momentum will be 
supported by the fact that the Bondi mass and angular momentum arc transformed covariantly with respect to the 
asymptotic symmetry. 

A. Poincare covariance 

Let us investigate the transformation rule of the Bondi energy-momentum P^^^^^^ and angular momentum J(^'^"'^' 

by the asymptotic symmetry. In particular, we focus the cases with / = a and /^ = 0, which is the translation of the 
Poincare group in n > 4 dimensions. 

As we mentioned in Sec. Ill CI a{x^) can be decomposed into the I = and / = 1 modes of the scalar harmonics 
on S"'~^. Using these harmonics as bases x^ = {l,x^''^), we can naturally introduce the translational vector a^ 
in the n-dimensional Minkowski spacetime defined by a{x^) — a^x^^. Moreover, because the asymptotic symmetry 
at null infinity is the Poincare group, we can identify asymptotic structure at null infinity with the n-dimensional 
Minkowski spacetime and then obtain a natural map between quantities at null infinity and those of vector spaces in 
the Minkowski spacetime. Then we can discuss the transformations of -Pgo^^j and jP?"*^' by the translational vector 
a^ in the Minkowski spacetime. 

In general, the energy-momentum vector P^ and angular momentum A/^j^ in the Minkowski spacetime are expected 
to be transformed by translation of the Poincare group as 

^ ^' (45) 

where a^ is a translational vector. However, since the gravitational waves carry the energy and angular momentum to 
null infinity, the Bondi energy-momentum P^^^^^ and angular momentum jP?'^'*' are changed under the translation. 

Then, taking these effects into account, J^Bondi ^^'^ •^m"'^' should be transformed as 

-"Bondi ^ ^Boiidi ^ "j' j,/ Bondi' 

du (4g) 

M^-di ^ ^^Bondi _ 2pBondi^^j ^ ^P _M^on<^\ 

instead of Eq. (pS)) . Note that the each space-space component of M^°^'^^ corresponds to J??"*^'. From now on, we will 
confirm these equations. The last terms in each transformations come from the effect of radiations and the concrete 
expressions will be given later. 

The generator of the translation / = a and /^ = can be expanded near null infinity as 

C = a{x'), (47) 

r ^ n + 2k r'^n+k 

fc=0 

i ^ fs(i)V^« - h^-'^^''Vja+h^'^''^h\'^'Vja) + 0(r-("-i/2)), (48) 

n — 1 r" ^ V / 



k=0 



n + 2k-2 r"/2+fe-i 



B. Covariance of Bondi energy- momentum 

Following Ref. [Ifll , we briefly sketch the argument to show the covariance of the Bondi energy-momentum. The 
Bondi energy-momentum P^^^^^^ is defined from g^u as in Eq. p6p . To find the variation of to, we look at the variation 



Sguu- Squu can be expanded near null infinity as 



where 



fc<n/2-2 

E '55it+^V-("/^+^-^) + ^ + 0(r-("-^/^)), (50) 

fe=0 






for < fc < rt/2 — 2. (5?ti is given by 



?i — 3 

= - , "" J ifjh^'^'-' + ^rv2(aA("/2-2)) + (n - 2)av4("/2-2)" 
2(n — 2) n — 2 L 



n — 5 



llYjJfYJ „.^("/2-2)n , ^(>i/2-2)„/^ 



V^V-^lV/aCy'^-^O + Cr^^^^V^a , (52) 



n-2 
where we used Eqs. (fTHl) and ([22|) . From Eq. (|5T|) and the fact that x^'^ satisfies V/Vji''-* + x'^'w/j = 0, we see 

?i'^'^ = (53) 

and 

/ £(^)<5.git+'^ = (54) 

for k < n/2 — 2. This means that gim for fc < n/2 — 2 does not contribute to the global quantities in the transformed 
Bondi coordinates. 

The variation of the Bondi energy-momentum SP^^^_^^^ can be obtained by integrating Eq. (|52p as 

6PL„.u = ^^^-—i I xf'Smdn 



1 



5„-2 
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= -a.TT— :;; / x''x''h^j^]h^^'>^''dn. (55) 



In the last line of the above, we used a = a^x^. Then we regard the right-hand side of this equation as cti^dP^^^^^/du 
in Eq. dUl) 

This means that the Bondi energy-momentum defined is transformed covariantly with respect to the Poincare group. 
In particular, since the time-component becomes dP^^^^Jdu = '^^Bondi/'^^' ^^ have 



_d_ 
du 



"sondi "^ ^Bondi + '^ J„, "Bondi' (^ ') 



for the time-translation. 
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C. Poincare covariance of Bondi angular momentum 

Next we investigate the variation of the Bondi angular monientum Jj^"^"*^' by the translation. The Bondi angular 

momentum Jj^'?"'^' is identified with a space-space component of Af^"""^' in Eq. (|46)) . Thus, in the following, we 

consider the space-space components. Note that the time-space component of Af^°'^'^' represents the Lorentz boost. 
The I = mode of a generates the time-translation and the I = 1 modes generate the translations in the spatial 
directions. 

The Bondi angular momentum is defined using a part of g^i as Eq. p7p . The variation of the Bondi angular 
momentum is given by 



e rBondi 



71-1 

167rG 



flp)Sjidn. 



(58) 



The variation Sg^i can be expanded as 

k<n/2-l (fe+i) 



k=0 



j,n/2-\-k — 2 j.n — 3 



0{r 



-(n-5/2)N 



(59) 



where 



s^T' 



-A^'^Wic 



2k -4 



\/i{C^''^-'\/ja) - C^^^-^^i\/ja - ^-^aVjC^ 



(k) 



2k -Q 



2(n-2) 



<(fe)Y72 



C't'^^a + aC\ 



(fe+i) 



n + 2k " 



(60) 



for k < n/2 — 1. Then we find 






(fc+i) _ 



n + 2k-4: 



^(P) 



(j{k)J^ 



JOL 



4(n - 4) 



(n + 2fc)(n + 2fc-6) 



^(P)' 



yA^^^ 



n^ + (4fc - 10)n + (4fc2 - Uk + 16) 



{n + 2k){n - 2k - 2){n + 2fc - 4) 



■c^^^'^Lv 



a(^(p)jV^C(^)^ 



^Iff^V^a-aC^V-ri,) 



'Pip)^J(^ 



(^)^i ,„J 



'PW^fv^a 



+ 



n + 2k 

n + 2k-A ,^.jj 2{n + 2k-6) ,(k)ij^K ^ 

71 + 2k ^'^' [n + 2k)[n — 2k — 2) ^'^' 

n2 - 8n - 4A:2 + 20 



(7i-2)(n + 2fc)(n-2A:-2) 



¥'(p)j/i^'^"V^ 



a 



(61) 



where we used Eqs. (|14p . P^ and (PT|) . Also we used the Killing equation V iip[p)j + '^ jf(p)i ~ and V/Vja ~ 

u)ijV'^a/{n— 2). Thus we could confirm again that g\^j ' ioi k < n/2— 1 does not contribute to the global quantities 
because it can be written by the total derivative as Eq. (IHTI) . For k = n/2 — 1, on the other hand, the variation 
becomes 

n 71 — 6 



«-4 („/2_i) 2 



ji-2 



^(„/2-i)v2a - V^aVjC} 



(n/2-l) 



(62) 



We must evaluate Sji to see the variation of the Bondi angular momentum. Therefore, we should subtract the 
variation 5{h\jC^^^'') from Eq. (|62|) . The variation 5C^^^^ is given by 



JC(i)^ = -Vja/iW^ + aC^i)^ 



n 



(63) 
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from Eq. (|60l) for k = 0. Since 6gij is 



5gij = V/O + VjC/ 



„2 I "^7J 



r' ^jtl+Oir-i-f^-y^^) 



(64) 



we find iJ/i/j — cthjj . Then we have 



Subtracting the above from Eq. (|62|) . we obtain 

n — 3 



(65) 



^1)5 n - v't 



p) 



/ja 



^CJ-Z^-^'v^a-V^aV^CJ"/^-^' 



n-2 



V'(P) 



n- 1 



2h^^]VKh^'^'''' - VA'/ifj/i^^)-'^ + i/i(i)^^V//i^', 



) 

JK 






n — 1 



v^[p)(i3(i) - m) - avP(p)j/i("/')''^ + a„(/i['j/i(i)'^^)V/,a 



+«^(;)V^cr^-^'-«c("/^-^vV(;) 



1 ,/^^^W2-i)7v,a- "-2 



^— ^(,)0-^'^'- -"V,a-— ^^^Ci 



J^{n/2-l)^I^ 



n — 3 ■ 

n — 1 



'/'(p)J 



/i("/ 



2-1)1.1 



a 



{n ~ 2)-- 



-np)j 



f^(n/2-l)IJy2^ _^!^J_^in/2-l)IJ 



n-2 



^K^(p)j^ a 



, (66) 



where we used Eq. ((43]), the Kilhng equation ^ i'^(p)j + ^ j'-P(p)i = and V/Vja = ujij\I'^a/{n — 2). 
Using Eq. (|66p , the variation of the Bondi angular momentum (5 JP?"'*' becomes 



c xBondi 

°'hp) 



77,-1 

167rG J s'^-^ 



ip[p^6jidn 



i6b.L-."^(-) 



2/i(VVi,/i(i)^^ - Va'/iI'M^^)-'^ + ^h^'^'''Vih^}, 



^L(i) 



JK 



dn 



n — 2 f 

—- / mifl -.yiadn. 

TTG ./c,.-2 



16 



(67) 



Note that the total derivative terms in Eq. (|66| do not contribute to '^J?'?"'^'. 

From the result of Eq. (|67| . we can show that Eq. (|46|) holds as follows. We note that a rotational Killing vector 



tpf N can be rewritten as (pf ^ = t/SyX^'-'V x*--'-' where (^ij is a constant anti-symmetric tensor with (n — l){'n — 2)/2 
independent components. Using the relation V/x^'^V^i^-'^ = S^^ — x^'^'' x'^^\ we have (fj -.Via = ipija^x^^\ Since J??"*^' 
is expressed by Jf°'^'^'' = (/^yA/i^ondi^ Eq_ (|q7]) y^^-^ds 



where we wrote 






^ii^Bondi ^ ^ii 



^^.Vip) 



^^^Bondi _ 2Pr?°"'^'a,,, + a^'—Mf"'"^' 



i] 



du 



IQttG Js^-2 



2h\^}VKh^^'^J^ - ^Khfjh^^'i-'^ + i/i(i)^^V7/i|/^ 



d^. 



(68) 



(69) 
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Note that the indices /x, i/, ... and i, j, ... are raised and lowered by the n-dimensional Minkowski metric and 
the (n — l)-dimensional Euclidean flat metric, respectively. Consequently, we could show that the Bondi angular 
momentum j£'?"'^' is transformed covariantly as Eq. (|46|) . 

Here we have a comment on the four dimensional cases. Because there is no condition on a in four dimensions, we 



cannot obtain the expressions corresponding to Eqs. (|66p and (j67p . Therefore the Bondi angular momentum is not 
transformed as Eq. (j68|) in four dimensions. In fact, the variation of the Bondi angular momentum has additional 
contributions from supcrtranslations, which are given hy I > 1 modes of spherical harmonics in a. This is called the 
supertranslation ambiguity of the angular momentum at null infinity. Hence, we cannot have well-defined notion of 
the angular momentum at null infinity in four dimensions. 

V. SUMMARY AND OUTLOOK 

In this paper we defined the Bondi angular momentum at null infinity in arbitrary higher dimensions and showed 
its covariant property with respect to the asymptotic symmetry at null infinity. The asymptotic symmetry becomes 
the Poincare group in higher dimensions than four. This means that we can choose the n directions of the translation 
without any ambiguities at null infinity. Then the angular momentum with the rotational axis can be defined. In four 
dimensions, on the other hand, the asymptotic symmetry at null infinities has the supertranslation, not the translation. 
The supertranslation has the infinite directions of the translation. Hence there are ambiguities of the choice of the 
rotational axis. This effects of the freedom in the definition of the rotational axis due to the supertranslation cannot 
be distinguished from the contributions of the variation of angular momentum by gravitational waves. This is the 
reason why we cannot define the angular momentum at null infinity in four dimensions. 

As one of applications of our analysis, there is the investigation of the peeling theorem in higher dimensions 
[ij, list l2l| . The peeling property has played an important role in the study of the gravity in four dimensions, such 
as the stability analysis of black holes and construction of the exact solutions. We expect that the peeling theorem 
is useful in higher dimensions too. Using our results, general higher dimensional spacetimes with gravitational waves 
are classified by the decaying rate of the Weyl tensor or some geometric quantities. The effort for this direction has 



been reported [21 1. 
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